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Formula simplification in relation to program verification
by

L. Ammeraal

ABSTRACT

Predicate transformers associated with assignment statements
litional statements are straightforward and can easily be mechaniz
for some simple cases, it is a non-trivial task to simplify the re
predicates automatically. It appears that formula simplification i
>f automatic aids for program verification. This paper shows how p
transformations and formula simplifications can be expressed in AL

2 high-level programming language which has appropriate facilities

structuring.

(EYWORDS & PHRASES: simplification, formula manipulation, program

verification.
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ERALIZED RATIONAL SIMPLIFICATION

n this paper, rational expressions are arithmetical expressions com—
of integer constants, variables, parentheses and the arithmetical

ors +, —, x, [/, grouped together in the usual way. Thus
(y+x*2+3%y+0xx) * 1 * (y=-(y-1))

ational expression and in this special case it is most likely that a

fication to the equivalent expression
2 xx+ 4 xy

ired. The study of efficient algorithms to simplify rational expres-—
is an interesting field of research [1], [2], [3]. It is, however, not
ly subject. Along with rational expressions, there are relational ex-—
ons which we would immediately simplify by hand before presenting them.

amplé
(%) *» x+ 3 *xx>=-2*xx*xx+5
ferably simplified to
x*x+3*xx-5>0.

refore add the relational operators >, <, >, <, =, # to our language,
present them by >, <, >=, <=, =, #, respectively. We also introduce

" and "or", which we represent by & and !, and the

gical operators "an

1 constants 't' (true) and 'f' (false). We can now replace obvious
ogies such as 0 = 0 and 5 > 0 by 't' and obvious contradictions such
0 and 5 < 0 by 'f'.

he following simplifications are easily performed:

¢ & 't is simplified to ¢,

¢ v 't’! is simplified to 't




¢ & ‘£ is simplified to '£', and
¢ ! £ is simplified to ¢,

We now introduce a less conventional extension of our language. If ¢ is
sequence of program statements (which we shall define syntactically in the

2xt section) and ¢ is a boolean expression, we regard
o$ ¢

5 a new logical formula. In Dijkstra's terminology [4], it is the weakest

recondition that corresponds with o and ¢, or:

(=9
Fh

e

o$ ¢ wp(o,¢).

In the backward direction, predicate ¢ is transformed by statement ¢ to
$ ¢. We may also define ¢ $ ¢ as a necessary and sufficient condition im-
>sed on all program variables before the execution of o, to ensure that

)ndition ¢ is satisfied after this execution. An example is;
x :=x+18$ x>5. (1)

We have extended our formal language in such a way that (1) is a formula

1 this language, which happens to be equivalent to
X > 4, (2)
We obtain (2) from x + 1 > 5, which is found by substituting x + 1 for
in x > 5. This substitution is usually referred to as Hoare's axiom for

1e assignment statement [5]. Thus notations as S? Q| (used by Church [61),

5(Q) (used by Floyd [71), Qx[f] (used by Schoenfield [8]), and Q[f/x] (used
7 Apt & De Bakker [9]) are written as

x :=£; Q (3)

1 our formal language.




It will now be clear that the not
generalized in such a way that it i

d "substitution" as special cases.

DESCRIPTION OF THE LANGUAGE FORM

Simplifications like those outlin
rformed by an automatic simplifier.
ich we shall discuss in more detail.
s that are candidates for simplifica
is set by FORM. Thus FORM is the lan
ocessed succesfully by our simplific
ntext—-free grammer for FORM in BNF;

is grammar:

formula > ::= < boolean formula > |
boolean formula > ::= < boolean expr
< statement se
statement sequence > ::= < statement
< statement
statement > ::= < assignment stateme
< conditional statem
assignment statement > ::= < variabl
conditional statement > ::= < boolea
alternation > ::= (< statement seque
boolean expression > ::= < conjuncti
< boolean e
conjunction > ::= < boolean primary
< conjunction > &
boolean primary > ::= < 't' > |

< '"fT > |

onal simplification'" car

dicate transformation"

‘evious section are actua
ier is an ALGOL 68 progr
ver, the set of all form
o be defined. We denote

input strings that are
m. The following is a

is the start symbol of
expression >
boolean expression >
< statement >
thmetic expression >

L > ¢ < alternation >
atement sequence >)
]

. < conjunction >

‘imary >




< arithmetic ekpression > < relation symbol >
< arithmetic expression
(< boolean formula >)
< relation symbol > ::== | # | > | <= | >= | <
< arithmetic expression > ::= < term >

< arithmetic expression > < adding symbol

< term >
< adding symbol > ::= + | -
< term > ::= < factor > |
< term > < multiplying symbol > < factor >
< multiplying symbol > ::= x | /
< factor > ::= < variable > |
< constant > |
(< arithmetic expression >)
< variable > ::=a | b | c|d|e|f|¢g |h|i]j]k] s | m | o |
plalrlsfelulv]w]x]|y]|z=
< constant > ::= < digit > |
< constant > < digit >

o

< digit > s:i=0 | 1| 2|3]|4|5]6]7]|8]09

This syntax is such that a unique binary tree is associated with ev
sentence of the language. The unconventional syntax chosen for condition

statements is a consequence of this idea. Consider, for example, the for
a<b e (x:=a; y:=b € x:=b; y:=a); y :=y-x$y+1>0.

(In more conventional terms, this formula denotes the weakest preconditi

that corresponds to the statement sequence if a<b then x := a; y := b

k :=b;y:=afi; y:= & - X and the postcondition y + 1 > 0),
According to our syntax, the following binary tree is associated wi

this formula:







It will be clear from this examble that parentheses do not occur ex-
>licitly in the tree; they may, however, influence the structure of the tree.
[n general, each leaf of the tree can be a variable, a constant, or a truth
ralue ('t' or 'f'). The other nodes of the tree are operators. The following

:able lists all operators of FORM, in increasing order of precedence:

priority operator
1 e
2 ; $
3 .
4 1=
5 :
6 &
7 =# < > <= >=
8 + -
9 * /

The choice of the operator representations was based on the availability
f a conventional character set. Therefore # was taken instead of #, and !
‘ather than | or V. Notice that all operators in our language are dyadic and

nfix, i.e. they occur in the context:
left operand, operator, right operand.

This means that O must not be omitted in O - x, just like 1 must not be
mitted in 1/x.

Another consequence of having only dyadic operators is the absence of
. special operator for negation. We do not need it; for example, in FORM we

xpress the negation of

(a<b & c#d) ' e = f

(a>=b ! c=d) & e ¢ f.




It goes without saying that a formula such as a + b + ¢ is an abbre-

ated notation for (a+b) + c, and thus has the following associated binary

‘ee

It might look strange that a formula in FORM may be of either arithmetic

boolean type. This somewhat liberal point of view was adopted for practi-
1 reasons. Our simplifier has to simplify both types of formulas anyhow,
d we felt it convenient if not only boolean but also arithmetic formulas

e accepted as input strings.

FORMULAS, BINARY TREES AND ALGOL 68

Algorithms are best expressed in high-level programming languages. We
ve chosen ALGOL 68, and, among the numerous facilities of this language,
me concepts that we need will now be explained. Let us begin with a very

mple example. With the formula 9-2 we associate the binary tree:

could write the following mode declaration for this simple type of

rmulae:

mode simpform = struct (int left, char ¢, int right).

ter the variable declaration

simpform f; ,




.t would make sense to write the assignment statement
f:= (9,"-",2).

le now wish to implement formulas whose operands are in turn (non-atomic)

‘ormulas. An example is 9-2-4, which corresponds to the tree

Obviously, our first attempt is too restrictive, since the mode
yimpform allows only integers as operands. We want operands to be either

ntegers or non-atomic formulas. Since all non-atomic formulas in FORM have

‘he structure

operand . 1, operator, operand 2,
re shall call them triples. We shall see that all atomic formulas in FORM
.an be represented by integers. Thus a formula is either an (atomic) integer

'r a (non-atomic) triple. In this terminology a triple has the structure

formula, operator, formula.

In ALGOL 68 we define the modes formula and triple by the mode

leclarations:

mode formula = wunion (int, ref triple);

mode triple

struct (formula left, char c, formula right);

f we now declare




formula f, g, h;

e can assign 3 to f, 3+4 to g, and 8-2-3 to h by

f := 3; g:= heap triple := (3,"+",4);
h := heap triple :=
(heap triple := (8,"-",2),

n_u
)

3); -

Up to now we have used integer constants and no variable
les. Our language is such that these integer constants are n
nis offers the possibility to use negative integers to encod
ruth values. In ALGOL 68 we have standard operators abs and

rovides the desired one-to-one mapping, and its inverse, as

letter integer
2 - abs ¢
repr—-i i

>te that in FORM a variable consists of a single letter. As

£ truth values, we declare
int true = - 1000, false = - 1001.

Assuming that variable f is declared as before, we can a

ala a < 13 & '"t' to f by the assignment statement

f := (heap triple := (- abs "a", "<", 13),
"&'l 5

true) ;

Since a given formula f can be either an integer or a (r
riple, we need a mechanism to find this out. In ALGOL 68 thi

>llows:

m-

and

ing

a)
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case f
in (int i) = s
(ref triple t): Oy

esac

If formula f happens to be an integer,c1 is elaborated, in which we can
.se f through i. In the altermative case, o, is elaborated, in which the
urrent ref triple value of f is accessed through t. We illustrate this
lechanism by a procedure to print a formula. A special provision will be

ieeded to insert parentheses in cases like

ORNONEENNCINO

hich, if no simplifications were performed, must be printed as (a-b) * (c+d)
nd w-x-(y-z). Printing a (sub-) formula, we need information about the con-
ext to decide whether or not parentheses are to be inserted. Roughly speak-
ng, they are to be inserted if a left(right) son operator binds looser (not
ighter) than its father. The procedure "pr'" below shows this more precisely.
o avoid uninteresting complications, we ignore the fact that some operators
viz. :=, >= and <=) are composed of two characters. The standard procedure
whole' decomposes an integer in its decimal digits. The following procedure

oes the job of printing any formula f if it is called as pr(f,1):

proc pr = (formula f, int prio) void:

case £
EE (int leaf):

EE leaf = true or leaf = false
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then print (if leaf = true then " 't'" else " 'f'™")
elif leaf < 0
then print (xepr - leaf)
else print (whole (leaf,0))
£i,
(ref triple t):
(char ¢ = c of t; int p = priority (c);
if p < prio then print ("(") fi;
pr (left of t,p);
print (c) ;
pr (right of t, p+l);
if p < prio then print (")") fi
)

esac;

Procedure "pr" shows how a tree representation of a formula is trans-
rmed to a string representation. We shall now deal with the inverse
‘ocess, i.e. how to obtain the binary tree that is associated with a given
'rmula. In other words, "pr" is for output, and the following procedures
‘e for input. As before, we shall omit details that might distract our
‘tention from essential points. We shall, in particular, not worry about
agnostic messages etc., but assume that only correct formulas, i.e. ele-
nts of FORM, are offered as input. (This attitude needs not necessarily be
realistic, since one could imagine that the formulas have already passed
me program for lexical and syntactic analyses, e.g. a compiler). As before,
- employ procedure "priority", which yields the priority number for any
erator, as given in the preceding section. To inspect the next character

~be read, we have a one-character buffer, declared and initialized by:
char buf; read (buf);
d the boolean procedure

proc inp = (char x) bool:

if buf = x then read (buf); true else false fi.
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The variable "buf'" is inspected also by the following procedure "opera-
:or", which tests the next character for being an operator with a given

)riority number "prio"; if it is, it is passed by the output parameter "op":
y P p P P p

proc operator = (int prio, ref char op) bool:

if priority(buf) = prio

then op:= buf; read(buf); true

else false

We shall process a complete formula of FORM, no matter how complex, or

low simple, by the call
formproc (1).

Before dealing with this procedure "formproc'", we introduce procedure
primary", which reads boolean primaries, variables, constants and expres-
jions in parentheses; when "primary" is called, a correct formula must be
iresent. The procedure yields a formula, just like a boolean procedure yields
| boolean value. (Notice that "true" and "false" on the fourth and sixth
.ine are not underlined: they are integer variables in ALGOL 68, but encoded

:ruth values and hence formulas in FORM):

proc primary = formula:

if imp (")

then if imp ("t")
then if — inp (" '") then error fi; true
elif inp ("£")
then if — inp (" '™) then error fi; false
else error
fi

elif inp ("(")

then formula f := formproc (1);

if 5 (")") then error fi;
£
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else char buf0 = buf;
if buf 2 "a" A buf < "g"
then read(buf); - abs buf0
else int i:= 0, d;
while d:= abs buf - abs "0"; d 20 A d <9
do i:= 10 = i + d; read (buf)

od;

i
fi,

We shall now show the procedure "formproc" (It was called "formproc"
ther than "formula" to avoid confusion with the mode formula that we have
ready). We could say that "formproc" does most of the work in reading and
alyzing the input formula and in building the associated binary tree. The
ader should not be misled by its compactness. It is in fact a generaliza-
on of the idea of having separate syntactic procedures for "expression',

erm",

"factor", etc., as is often used in recursive-descent parsing
thods; so in spite of its compactness, it performs almost the whole task

syntactic analysis:

proc formproc = (int prio) formula:
if prio = 10
then primary

else formula f := formproc (prio+l);

char op;
while operator (prio,op)
do f := heap triple := (f,op,formproc(prio+l))
od;
f
fi.
The reader will have noticed that the concept of recursion is often
ployed in these procedures. This is not surprising, since our parsing

thod is recursive by definition. Furthermore, we are manipulating binary
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rees, which are most conveniently defined with the aid of recursion. For
‘eaders who are unfamiliar with either recursion, ALGOL 68, or manipulating
rees, we proceed with showing three not too difficult procedures which are
seful for our purposes.

The first of these is "identical". It determines whether or not two

ormulas f and g, stored in binary trees as usual, are identical:

proc identical = (formula f,g) bool:

case f

in (int fleaf):

case g

in (int gleaf): fleaf = gleaf,
(ref triple gt): false

esac,

(ref triple ft):

case g

in (int gleaf): false,

(ref triple gt):
if c of ft = c of gt
then if identical (left of ft, left of gt)
then identical (right of ft, right of gt)
fi
fi
esac

esac.

In contrast to "identical", whose only task is to construct an approp-
iate boolean value, the next procedure constructs a complete new tree,
hich is an exact copy of the one that is passed as a parameter. The newly

enerated tree does not share any nodes with the original one:

proc copytree = (formula f) formula:

case f
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in (int leaf): leaf,
(ref triple t): heap triple :=
(copytree (left of t),
c of ¢,
copytree (right of t)
)

esac.

The next procedure contains a call of "copytree". It copies a given
rmula £ but, in the meantime, it replaces (in the copy) all occurrences of
;iven variable v by a given formula g. Here too, the new tree is completely

stinct from the original one:

proc subst = (char v, formula g,f) formula:

case f
in (int leaf):
if leaf = - abs v then copytree (g) else leaf fi,
(ref triple t): heap triple :=
(subst (v,g, left of t),
c of t,
subst (v,g, right of t)
)

esac.

TIDYING UP FORMULAS

Formulas are usually written down in a more or less canonical form. A
ivial example is the formula a + b which most of us would prefer to b + a.
automatic simplification it makes sense to strive after obtaining canoni-
L forms, for various reasons.

One of them is that identical subformulae are easier detected this way.

opose for example that we are given the formula

bxaxc+d-c*a=*b.
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tep~by simplification of this formula proceeds as follows:

tep 1 ranging the factors of each term. This yields:
*b xc+d=-axbxc
fact this is a rather big step which consists of several more
lentary steps).

tep 2 ranging the terms. This yields:

*b xc=-axb*xc+d

tep 3 eling adjacent identical term with different signs. This yields:
+ d

tep & ting zero terms. This yields

Re ing factors and terms as in steps | and 2 above is similar to
orting uence of numbers. For numbers we have a total ordering (''<"),
o it 1 ral to define a total ordering for formulas as well. Let us
all th ering "less". A slight complication, to be mentioned later on,
i1l be ed at this moment.

We ss the ordering "less" on FORM by the following ALGOL 68 pro-
edure:

oc less = (formula f,g)'bool:
se f
(int £):

case g

iE (int g):

if £<0Ag<0then f > gelse f<g fi,

(ref triple g): false

esac,




(ref triple f):

case g

in (int g): true
(ref triple g):
(int pf = priority (c of f), pg = priori
if pf # pg then pf > pg
elif 1less (right of f, right of g) the
elif less (right of g, right of f) the
elif 1less (left of f, left of g) then
elif less (left of g, left of f) then
else cof f<cofg
fi

esac

esace.

mportant properties of 'less" are:

1) If less (f,g) and less (g,h), then less (f,h) (Transiti
ii) If less (f,g) then not less (g,f) (Asymmetry).
iii) For all f ¢ FORM: not less (f,f) (Irreflexivity).
iv) For all f, g ¢ FORM: either less (f,g),
or less (g,f),

or identical (f,g) (less is a

These properties are important because we are aiming at
anonical forms. [For this purpose, it is essential that the

"<" for numbers

otal. Suppose for instance that the ordering
ined for some pair of numbers, e.g. for 5 and 7. Then sortin
J, 5, 7, 3 could yield 3, 5, 7, 10, or alternmatively, 3, 7,

ords the sorted sequence would not be uniquely determined].

The complication mentioned previously has to do with a c¢
ional distinction in ordering terms and ordering factors. Mo
ly prefer x + y + 2 to 2 + x + y as a canonical form, but at
e write 2 * x * y rather than x * y * 2, Thus in connection

ppreciate the truth of "less (variable, constant)', whereas

17
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_ordering).

ing

ng is
not de-
sequence

in other

conven-
us proba-
ame time
+|l we

(constant,
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ariable)" ought to be true in a multiplicative context. We have solved this
ittle problem by supplying the procedure "less" with a third parameter
prio" which tells which of both cases applies. We shall not dwell on this
etail. We shall now present a procedure to rearrange terms on the basis of
he procedure "less'". To keep it readable we only deal with the commutative
perators *, +, =, #, & and ! in this version. (In our implementation we did
ot ignore the complication of non-commutative operators, but at this stage
e prefer readability to completeness. We hope that the simplified versionms
f some procedures shown here are easily understood; it will then be not too
ifficult to complement them with details which are not taken into consi-
eration here. Moreover, the source listing of the complete program is given
n Appendix A).

To exchange two branches of a binary tree, we have the following proce-

ure:

proc exchange = (ref formula f,g) void:

(formula h := f; £ := g; g := h).

Now consider the formula d + ¢ + b + a whose binary tree is

We want to transform this tree into a similar tree corresponding to the
>rmula a + b + ¢ + d, by exchanging branches. There are two kinds of ex-
1anges to be made. At the lowest level the left branch d and the right
‘anch c are to exchanged. We call it a commutative exchange, since it is
istified by the commutative law. Another type of exchange is applied to,
.g-s b and a. To justify this exchange we need not only the commutative law,

it also the associative law. We therefore call it an associative exchange.
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uctively, we assume that we know how to rearrange the subtree

, and we show how to rearrange the tree for d + ¢ + b + a:

(& induction H a assoclative
— D Emm—
assumption G Q
. exchange
(+)
° 0 induction e 0
—_—
ool oghe
)ENO OO

is in ALGOL 68 by

©)

oc rearrange = (ref formula f) void:

se f

(xef triple t):

(ref formula 2 = left of t,

r = right of t;

char op = ¢ of t;

if less (r,%)

then exchange (%,r) # commutative exchange #
else case ¢

in (ref triple t left):

(ref formula % left left of t left,

r left = right of t left;

char opleft c of tleft;

if opleft = op

then rearrange (&) # induction assumption #;
if less (r, rleft)

then exchange (rleft,r)




# associative exchange #;
rearrange (1)

# induction assumption #

esac.

We call a formula like a + b + ¢ + d (and its associated binary tree)

ft-associative, because it is an abbreviated notation of ((a+b)+c) + d.

en a formula like a + b + (c+d) is offered as input to our program it is

itially stored in the binary tree

As we have seen, the parentheses enclosing ¢ + d are re-inserted when
is tree is offered to the procedure pr (given in section 3) for output.
wever, what we actually want is to transform the tree above to its left-

sociative equivalent:

Restricting ourselves to commutative operators, we can perform this

ansformation by the following procedure:
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proc leftassoc = (ref formula f) void:

case f

in (ref triple t):
(leftassoc (left of t); leftassoc (right of t);
case right of t
in (ref triple tright):
if c of tright = c of t
then right of t := left of trlght
left of tright := t;
f := tright; leftassoc(f)
fi
esac
)

esac.

Here again, we can verify the correctness of this procedure by induc-
on on the complexity of the tree. We shall nct give a formal proof, but
ther explain how it works by means of an example. Suppose that a + (b+(c+d))
to be transformed to its leftassociative equivalent a + b + ¢ + d. By the

11 "leftassoc (right of t)" on the fourth line of the procedure, the tree

(by our induction assumption) transformed to

1) :
(D@

0

L W@
&y ()

Nodes (i) and (ii) correspond with "c of t" and "c of tright", respec-

vely. The assignment statement "right of t := left of tright" transforms

11s tree to:

AR ArH (L NTRUM

RIBLOTHERK FA7

e 1
AMBTERDAR




(i)

ii)
The missing part hﬂ is now attached at the right on

p of this tree by "left of tright := t", yielding

The statement "f := tright" reflects the fact that a new node (ii) now
:comes the root of the tree, instead of the old one (i). The new tree cor-
:sponds to the formula a + (b+c) + d which is less complex (with respect to
:ft-associativity) .than the original one. Therefore, by induction, the only

:ep to complete the job is to apply "leftassoc" recursively to this tree.

. SIMPLIFICATION AND PREDICATE TRANSFORMATION

Transforming b + a to a + b and other things that we did in the pre-
-ous section might be considered too trivial to be called "simplification".
:» shall now mention some more substantial simplifications, and, to be con-
‘ete, mention a number of procedures of which our program is composed. It
ould be emphasized, however, that knowledge of these procedures is by no
:ans needed for using our program. We are discussing techniques and we
metimes talk about procedures and about a program to stress that these
:chniques have been implemented and are not just loose ideas. The im—
-ementation is such that a formula of FORM followed by the closing symbol
" are the only input data. The user does not have to specify special op-

ons or other control information depending on the nature of the input

rmula.
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Let us start with some rather obvious simplications which have to do -
th occurrences of zeroes and ones. The following reductions are performed

the procedure "zerone':

0+
f =

Fh © Fh Fh O Fh =
NN % * %
Fh = O Fh = +F O r
A
w O Ffh O O rh Frh F Hh

The last two of these lines deserve an explanation. One could argue
at the information f # 0 is lost by reducing O/f to 0. Some might consider
e possibility of defining O/f equal to 1 if f happens to vanish. We prefer
e point of view that any denominator must not vanish, even if the numera-
r does. On the other hand, whenever 0/f has a meaning, it is of arithmetic
pe and, for our purpose, it would be most inconvenient if it had to be

ansformed to something like
"0, provided f # 0"

ich has arithmetic as well as boolean aspects. For the same reason, we

all simplify (x-2) / (x-2) to 1. Brown [2] does the same, and, as a justi-
cation, observes that the transformation conforms to the rules of the

eld Z(x) of rational expressions in x over the domain Z, of integers. The
ansformation "£/0 — ?" is easier té explain. Whenever an explicit zero
curs as a denominator, the question mark "?" is introduced. It should

mply be interpreted as an error code.

The procedure "distr" applies the distributive law with respect to

iltiplication and addition (or subtraction). Thus

1+

fx (gth) — f x g fxh
(ftg) *h — £ *h £ g * h,
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It is well-known that it depends on the context whether multiplying out
r factoring leads to simpler formulas. Finding this out is too difficult a
ob for our simplifier. Therefore we have chosen for multiplying out, so
x-1) * (x+1) + 1 is nicely reduced to x * x. However, care has been taken

o postpone the call of "distr" until reductions like
(x+2) * (x-2) / ((x+2) * (x-3)) — (x-2) / (x~3)

ave been performed. For reductions like this, the procedures "rearrange'

nd "leftassoc" are vital. These procedures transform

(x+2) * (x-2) [/ ((%+2) = (x-3))

(x+2) /[ (x+2) * (%72) / (x-3).

(Recall that "x" and "/" have the same priority number). Thus identical
actors become neighbours, which are easily tested for identity (if they
ccur on either side of "/") by the procedure "identical", introduced in
ection 3. These tests and canceling of numerators and denominators are in-—
orporated in the actual version of the procedure "rearrange" as listed in

ppendix A. Special attention is required for a case like
(x+2) * (x-2) / ((x+3) * (2-x)).

Since variable terms precede constant terms and since we have no monadic
ormulas, 2 - x is first transformed fo 0 - x + 2. (We consider this as a
pecial notation for - x + 2 and accept 0 as the only constant term that
an precede a variable term. There is no danger that f + 0 - g will survive,
ecause of our reduction f + 0 — f)., Now 0 - x + 2 is hardly an improvement
£ 2 - x, and is far from being identical to x - 2. We therefore have a pro-

edure called "

negfac", which does away with "negative factors" like 0 -x+ 2.
n fact, the "nomadic minus", here written as "0-" is transported to an

iter environment. For example
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(0-x+3) * (0-y+z) / (o—p+i> / (0-q) * (0-r-1)
transformed to
0 - ((x=3) * (y=2) / (p=1) / q * (x+1)).

Thus factors are brought into a canonical form, after which they can

fectively be tested for identity. Our sample formula
(x+2) * (x=2) / ((x+3) * (2-x))

indeed eventually reduced to
0 - (x+2) / (x + 3).

A substantial simplification is performed by the procedure "add". It

duces, e.g.

3 xax*x (btc) = 2 * a * (b+c) + 8 * a * (b+c)

9 *x a * (b+c).

Here too, the procedure "identical" appears to be most useful. A compli-
tion is involved in terms whose coefficient are 1, since "1*" is usually
itted, or even removed by our own procedure "zerone". For additionm,

* a * (b+c) + 3 x a * (b+é) is simpler than a * (b+c) + 3 * a * (b+c). We
erefore have a procedure called "factone" which writes "1%" in front of
oducts which begin with variables. Later on, superfluous occurrences of

%" are removed by "zerone".

We are now going to deal with simplifications which are more often
und in papers on program verification than in publications on formula mani-

lation. For the assignment statement and the conditional statement, sym—
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bolically written as

]

:t= B
if B t

hen S else T fi,

it is well-known that with a given postcondition Q the corresponding weakest
precondition can be expressed by

wp(x:=E,Q) = the result of substituting E for x in Q,

wp(if B then S else T fi, Q) = (B A wp(5,Q)) v (71 B A wp(T,Q)).

For the substitution result above, we can use our procedure "subst"
listed at the end of section 3. As mentioned earlier, we write "&" for "A",
1Y for v, and YB-(S@T)" for "if B then S else T fi".

We also observed (in section 2) that we need no monadic not (71) opera-
:or, because, e.g., 7 (a<b) can be expressed by a > = b. Symbolically we shall
ndicate such an elimination of "M" by writing B instead of =t B. In a ter-
1inology introduced by Dijkstra [4], wp(S,Q) is the result of transforming
)redicate Q by statement S. In [13] an explanation of predicate transformers
s given in terms of elementary set theory. We have adopted the formula
wtation S $ Q for wp(S5,Q). All formulas of the type S $ Q can be "simpli-

‘ied" according to the rules given above, which are in our notation:
x:=E$Q — subst (x,E,Q
B-(SE€T) $ Q — B & (S$Q) ! B & (T$Q).

By repeated application of these rules, all operators $ disappear, al-
‘hough, in the beginning, their number may increase. In our program these
‘'ules are implemented in the procedure "wp". This procedure is called by the
rocedure "reduce". The relation between both procedures is as follows. Let
gwp"‘perform the redaction Sn $ Q — Q'; then "reduce'" performs the reduc-

:ion Sl;...;Sn_}; Sn $ Q¢ — Sl;...;Sn_l $ Q" if n > 1 and "reduce" simply
]

ralls "wp® if n = 1.
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iBOOL ' MQDIF;eiFALSETy TINTU PLMy TFORMULA! Ely
( TFQRMULA! (E) ,
} ¢ TREF! YTRIPLE( B)§ | |
( TREF! TFORMULAY | & LEFT 'OFf B, R = RIGHT f0I
iCHART € = € foFT By
{ Cufe® iDR! Cgltal
} ¢ ALMOSTIDENT(L,R) "
| E3sSUM{L, (Cr e lmi),L,R,PLM)}
( PLM<O | Eis/HEAPI (TRIPLEf;2(0,"=",E));
| ¢ TFORMULAT(LY ,
§ ¢ TREF' TRIPLET BL)3
( fasr'ﬂvroanuuA!,La% s LEFTIOF'BL, RBL
iCHART CBL = € TOFf BL;
CBL="+" FOR! CBLE"w"
! ( ALMOSTIDENT(RBL,R)
| E18BSUMC(CBLE"+" |1 w1),(Carenii]m]),
( PLM2O | EgmlLBL ,
| Etst'HEAP! 1TRIPLE(;=
(LBL, CPLM»QL"en | mt) ,EY)
Y .
MODIFis' TRUE!
)
)
)

)

1 . _

(*NOT! MODIF | MODIFg=(ADDCL)L'TRUE' JADD(R)))
)

1

MODIF

ROC! RRR3IVOID'1 REARRANGE (ROOT);

INTCCPINPUT 37, NEWLINE))s READPCBUF);
ORMULA' ROOT3=sFORMPROC(1)) RRR;

HILE! REDUCE(ROOT) fDO' '8KIP! '0D'y; RRRj
HILET NEGFAC(ROOT) fDO! RRR foD!;
STR(ROOT)) RRRy _

HILE? ADD(ROOT) fDOf RRR fQDI) .

HILE? FACTONE(ROQT) fDOT VTSKIRT f0D; RRRj
HILEY ADD(RDOT) fDOY RRR iQD!y

HILE! ZERONE(ROOT) fpo' 18KIPt 10D'; RRR;
INTCCNEWLINE, NEWLINE,"OUTPUTI",NEWLINE));
Fis® "y PR(ROOT,1); PRBUF(" "),

0f S fp0t PRINT(NEWLINE) foDf

*1s! TRUEY

sMTIOF 18Ly

PLMY g
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INPUT
BisQe

oUTPU
BuQe

INPUT
X»3 ,

QUTPU
Xes§

INPUT
X€50

{ X<4
® X6
)
§ Xs4
5

OUTPU
X<50
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